DEGENERATING CURVES AND SURFACES: FIRST RESULTS 
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Abstract. Let <S — > be a smooth family of surfaces whose general fibre is 
a smooth surface of and whose special fibre has two smooth components, 
intersecting transversally along a smooth curve R. We consider the Universal 
Severi-Enriques variety V on 5 — » A^. The general fibre of V is the variety 
of curves on St in the linear system lOstC*^)! with k cusps and S nodes as 
singularities. Our problem is to find all irreducible components of the special 
fibre of V. In this paper, we consider only the cases (fc, S) = (0, 1) and (fc, 5) = 
(1,0). In particular, we determine all singular curves on the special fibre of S 
which, counted with the right multiplicity, are a limit of 1-cuspidal curves on 
the general fibre of <S. 



1. Introduction 

In this section we introduce our problem and we fix notation. Let be the 
pencil of surfaces of the complex projective space P'^(C) := P'^, generated by a 
general surface S"^ of degree d > 2 and a reducible surface So = S"^'^ U tt, where 
S'^~^ is a general surface of degree d—1 and tt is a general plane, intersecting S'^~^ 
along a smooth curve R. The singular locus of the total space A T consists 
of the d(d — 1) points pi, . . . ,Pd(d-i) of the special fibre which are intersection of 
S'^ and R = S"^^^ D tt. Moreover, at every such a point, A has a rational double 
singularity. Let S —> he the smooth family of surfaces obtained by smoothing 
A and by contracting the exceptional components on tt. The general fibre St of S 
is isomorphic to the general fibre of A, while the special fibre of S is Sq = A \J B 
where A — S'^~^ and B is the blowing-up of tt at the d{d — 1) singular points of 
A. In particular, we have that Rg ~ {d ~ 1)^ — d{d — 1) = — (d — 1) = —R\. 
From now on, we shall indicate by Ei, . . . , E^^d-i) the exceptional curves of B. 
Now, by denoting by H the pull-back to S of the hyperplane divisor of P"^ , by Ht 
the restriction of H to the fibre St of S and by pa {d, n) the arithmetic genus of a 
divisor in \Ost{nHt)\, we consider the locally closed set, in the Zariski topology, 
^nH,k.s C \Os{nH)\ X (Ai \ {0}) defined by 

^nH,k,s = {{[D],t) I St is smooth, DnSt -.^ Dt e \ Os, {nHt) \ is irreducible 
of genus g = pa{d,n) ~ k — 5 having 5 nodes and k cusps as singularities.} 

From now on, we will often denote by |05j(n)| the linear series Now, 
if Ti^iAi is the relative Hilbert Scheme of the family S ^ A} and if 7i„ is the 
irreducible component of 'Hs]^^ whose fibre over t, with respect to the natural 
morphism 7is\h.^ ^ -^^i is |C5t('^-fft)|j one defines a natural rational map 

sending the point ([_D],i) to the point [Dt] G Tin, parametrizing the curve Dt = 
DnSt.We denote by 

the closure in the Zariski topology of the image of W^jj k 5 , with respect 

to /. Since the general fibre Vt of V,f^ fe a is the Severi-Enriques variety Vt — 
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"^nht k 5 irreducible curves on St in the linear system \nHt\, with 6 nodes and 
k cusps as singularities, we call ^ g the Universal Severi-Enriques Variety on 
S of irreducible curves in the linear system \nH\, with S nodes and k cusps. The 
problem we are interested is the following. 

Problem 1.1 (Main Problem). Let Vq be the special fibre ofV^jj g. Then every its 
irreducible component V^* will have dimension equal to dimV^^;. 5^1 = dim(Vt). 
We want to determinate all irreducible components Vq o/Vq = with their 

respective multiplicity mi. 

This problem has been already studied by Ran in [1] , [5] and [B] in the case k — 
and S equal to a family whose general fibre St is a plane and whose special fibre is 
S'^ — AU B, where A ~ and _B ~ Fi. Our paper is strongly inspired to Ran's 
works but our approach is very different. The techniques we use to find all possible 
irreducible components of the special fibre of the Universal Enriques-Severi variety 
have been introduced by Ciliberto e Miranda in [1] and the aim of this paper is 
also to show how the notion of limit linear system can be useful for studying the 
problem 11.11 Unfortunately, if these kinds of methods are very helpful in order 
to determine all irreducible components of Vo C '^nHkS^ they are not enough to 
find their respective multiplicity. Here we consider only the cases (k, S) = (0, 1) 
and (fc,(5) = (1,0). In both these cases, by only using Ciliberto and Miranda 
techniques, we are able to describe all irreducible components of Vo and to compute 
their respective "geometric multiplicity", which we are going to define. 

Definition 1.2. Let V be an irreducible component of the special fibre Vo of the 
Universal Severi-Enriques variety f. g. The geometric multiplicity ofV in Vo is 
the minimal integer m such that there exist local analytic m- multisections passing 
through the general element [D] of V and intersecting the general fibre Vt of V^f^ j, g 
at m general points. 

Remark 1.3. Notice that the geometric multiplicity of an irreducible component Vq 
ofVo coincides with the usual multiplicity if the Universal Severi-Enriques Variety 
is smooth at the general element of Vq . When {k,S) — (1,0) or {k,S) — (0,1), the 
geometric multiplicity of every irreducible V of Vo is in fact the multiplicity of V in 
Vq and, by counting every irreducible component with multiplicity equal to geometric 
multiplicity, we can obtain a recursion formula for the degree of V^|^ i q and V^|^ g i 
for every d > 2. Actually, the well known formulas of the number of one-nodal 
curves in a pencil and one-cuspidal curves in a net can be used to prove that in 
these cases geometric multiplicity and multiplicity coincide. To compute explicitly 
the tangent space of the Universal Severi-Enriques Variety at the general point of 
every its irreducible component is not trivial, even in the cases (k, S) = (0, 1) and 
{k, 8) = (1, 0) and it requires very different methods from those we use in this paper. 
For this reason, we prefer to approach this problem in a future and more general 
paper. We just want to say that geometric multiplicity and multiplicity may be 
different even for families of curves with a very few singularities. For example, 
the special fibre Vq of VnH.o,2, has an component (parametrizing curves having two 
"simple tacnodes " and nodes at the intersection points with the singular locus R 
of Sq) having, by our computations, geometric multiplicity 2 but multiplicity A, 
according to Ran's results. 

Section[5]is devoted to the case {k, 5) — (0, 1) whereas section[3]is devoted to the 
case (fc, 5) = (1, 0). We want to stress that, even if our proof is different, the results 
of section [2] are already known and can be deduced, with some further observations, 
by theorems 2.1 and 2.2 of [3J. On the contrary, as far as we know, the analysis 
we do of the special fibre Vo of Vf^fj i o completely new. Techniques we use in 
this paper can be applied to any smooth family of surfaces whose special fibre is 
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irreducible and also to families of curves with singularities different from nodes or 
cusps. We conclude this section by introducing some terminology. 

1.1. Terminology. Let A:" — *■ be any family of surfaces obtained from S 
by a finite number of base changes and blowing-ups and let f : X ^ ¥^ be the 
natural morphism from X to¥^. By abusing notation, we will denote always by H 
the pull-back to X of the hyperplane divisor class of P'^. Similarly, if 3^ — > is a 
family of surfaces obtained from A" ^ A^ by a finite number of base changes and 
blow-ups and L d Xq is a curve lying in an irreducible component of the special 
fibre of X, then we will usually denote by the same symbol L the proper transform 
of L C A:" in 3^. Moreover, if C P'^ is a surface of degree n and Ct = f*Sr\Xt is the 
curve cut out on the fibre Xf of X by the pull-back of S via /, from now on we will say 
that Ct is cut out on Xt by S. Furthermore, if W C \OA{n)\ and V C |C'_B(n)| are 
two projective subvarieties and W C H^{A, O^(rt)) and V C H^{B, OB{n)) are the 
afhne cones associated to W and V respectively, then, by abusing notation, we shall 
denote by V x\Oa{n)\ W the projective variety P(W XH0(R.OR{n)) V) C \OAuB{n)\. 
Finally, we will indicate by F„ the Hirzebruch surface F„ = ¥{Opi ® Opi{n)). 

2. The case of one-nodal curves 

In this section we consider the case k = and 6=1, determining all irreducible 
components of Vo with the respective geometric multiplicity (see definition II. 2p . 
Notice that, in this case, the Severi variety Vt = V,f^ o i '-"^ general fibre is 
irreducible, it has the expected dimension, it is smooth at every point corresponding 
to a one-nodal curve and, finally, it coincides with the locus of \nHt \ parametrizing 
singular curves. Moreover, before we describe the special fibre Vo of q i, notice 
that the restriction of the linear system \nH\ to the special fibre Sq = AU B of S is 

H°{B,OB{n))h 

and, by Bertini Theorem, the general element of lO^usl"^)! is a curve smooth 
outside R and with nodes at its intersection points with R. By using notation 
introduced in the previous section, we also denote by WA{d,n) and WB{d,n) the 
divisors of |C'aus('^)| defined as 

WAid,n) V^H,o,i XIOhHI IC'sWI and WB{d,n) := \OA{n)\ X|o^(„)| V;^_oa- 

Notice that the general element of Wa {d, n) corresponds to a curve cut out on 
A U B C P'^ by a surface of degree n tangent to yl at a general point. Moreover, if 
(d, n) ^ (2, 1), (d, n) 7^ (3, 1), d > 2 and n>l then the general element of WOi(<i, n) 
corresponds to a curve D = Da ^ Db, where Da is an irreducible one-nodal curve 
intersecting transversally R and Z?b is a smooth curve on B, not intersecting Ei, for 
every i, and intersecting transversally R at the points AClR. Similarly, for d, n >2 
the general element of Wb {d, n) corresponds to a curve D ~ Da U Db such that 
Da C j4 is smooth, intersecting transversally R, and Db is sl one- nodal curve 
(which is irreducible for (d, n) ^ (d, 3)), not intersecting Ei for every i, and such 
that Db Ci R = Da n R. In particular, WA{d, n) and WB{d, n) are both irreducible 
divisors of |C'aub(")|- Finally, we denote by W^^. (d, n), i ~ 1, • . • , d{d — 1) and 
T{d,n) the irreducible divisors of |C'aub("-)| defined as 

Ws^d^n) = {[D](E \OAuB{n)\ such that E, C D}, 

where Ei, . . . , are the exceptional divisors of B, and 

T{d, n) = {[D = Da U Db] G |C'aub("-)|, such that Da and Db are tangent to 
i? at a general point}. 

By using the terminology introduced at the end of the previous section, notice that 
{d, n) parametrizes curves on AUi? cut out by surfaces of degree n in P'^ passing 
through Pi, for every i = 1, . . . ,d{d — 1), whereas T{d,n) parametrizes curves on 
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Au B cut out by surfaces of degree n of tangent to R at its general points. In 

particular, if [D = Da U Db] £ T{d,n) is a general point, then Da and Db arc 
smooth, tangent to R at only one point and they will be transverse to R outside 
this point, except for the case {d, n) ^ (2, 1), when Da = Db = R- 

Lemma 2.1. WA{d,n) is an irreducible component ofVo of geometric multiplicity 

1, for every {d,n) ^ (2,1). Similarly, WB{d,n) is an irreducible component of 
Vo of geometric multiplicity 1, if {d,n) > (2,2). Moreover, if V is an irreducible 
component of Vo of geometric multiplicity 1 and whose general element corresponds 
to a curve D = Da U Db which does not contain any Ei c B, then V coincides 

withWAid,n) orWBid,n). 

Proof. Assume that {d, n) ^ (2, 1), let 7 be a section of <S — » passing through a 
general point p oi A and let S ^ nH be a general divisor singular along 7. Notice 
that such a divisor exists and, by generality, its general fibre 5 fl 5t is a 1-nodal 
curve. Let X = Bl^S with exceptional divisor T. Then, if S' is the proper transform 
of S on X, we have that S' ~ nH — 2T. Now, denoting by Xf, the fibre over t of X, 
consider the exact sequence 

^ Ox{nH -2T - Xt) Ox{nH - 2T) OxAnH - 2T) 0. 
Since the fibres of the family X ^ arc linearly equivalent, we have that the di- 
mension of the image of the map H^{X, Ox{nH - 2T))—^H'^{Xt, OxAnH - 2T)) 
doesn't depend on t. Moreover, since for t general the map rt is surjective, we have 
thatdim(/m(ro)) = dim{Im{rt)) = h^{Xt,OxAnH-2T)) = h^{Xt,OxAnH))-3 = 
h°{XQ, Oxo{nH — 2r)). So, every curve oi AU B with a node at the point j Ci A 
is a limit of a one-nodal curve in the linear system \nH\ on St. By the generality 
of the point 7 n A on A we have that Wa {d, n) is an irreducible component of Vo 
of geometric multiplicity 1. In order to prove the lemma for WB{d,n) repeat the 
same argument as used for WA{d,n). 

Now, let V be an irreducible component of Vo, whose general element [D] cor- 
responds to a curve D = Da U Db which does not contain any Ei C B and such 
that there exists an analytic neighborhood J7 of and an analytic section A of 
the universal Sevcri variety V^^if q i\u, passing through [D]. Then, the singular lo- 
cus of the family of curves C ^ A, naturally parametrized by A, is a section of 
<S|c/ A and it must intersect the special fibre at a smooth point q, i.e. at a point 
q ^ R = An B. li q e A then Da is singular, [D] G WA{d,n) and V = WAid. n). 
Otherwise F = VKs (d, n) . □ 

Remark 2.2. By the previous lemma, the other possible irreducible components of 
Vo "are produced" by degenerations of the general element [Dt] of Vt such that as 
Dt goes to AU B, the node of Dt specializes to a point of the singular locus R of 
AUB. 

Lemma 2.3. If {d,n) ^ (2,1), then T{d,n) is an irreducible component of Vo of 
geometric multiplicity 2. 

Proof. Let pGR = A\jB = SQhea. point such that p ^ Ei, for every i. We 
consider a double covering of our family <S — > A^ totally ramified at its special fibre 




Now, the special fibre S'q of S' A^ is isomorphic to the special fibre iSo of S and 
we still denote it by A U B. But, ii xy = t is the local equation of S at p, the local 
equation of <S' at p will be xy = t^. In particular, <S' is singular along the singular 
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locus R = An B of the special fibre. If we blow-up the ambient space along R, 

the proper transform X of S' is smooth, the general fibre of X is isomorphic to the 
general fibre of S' while the special fibre of A" is = AuS U B, where £ ^ ¥4-1 is 
the intersection of X with the exceptional divisor. The inverse image of p to A" is a 
fibre of £ which we denote by F. Now, if U is an analytic neighborhood of G A-*^ 
small enough, let 7 be a section of the family X\if and let C C A"!;/ be a general 
divisor with nodal singularities along 7 and linearly equivalent to nH, where we 
still denote by H the pull-back to X of the hyperplane divisor. Notice that such a 
divisor C exists for every n > 1 and d > 2, because, for every n > 1 and d > 2, on 
the general fibre X^ of X, there exist curves, linearly equivalent to nH\xt = nH^ 
with only a node at a general point qt and no further singularities. We want to 
understand the kind of singularities of the special fibre Co of C. To this aim, let 
-K : y ^ X\u he the blowing-up oi X\u along 7, with exceptional divisor F. The 
special fibre of y is now given by U 5' U B, where £' is the blowing-up of E at 
7 n F = 7 n with new exceptional divisor Eq =T f\£' . In particular, F|, = — 1 
and, if C is the proper transform of C on y, then C ~ nH — 2V. 

Now, if (d, n) = (2, 1), denoting by Fgi the pull-back to £' of the linearly equiv- 
alence class of the fibre of £, we have that the divisor {nH — 2Y)\si ~ -Ff — 2Eq 
is not eff'ective. Since C is eff'ective we deduce that £' c C and, in particular, 
i?i C C'\a and i?2 C C"|_b. So the point [C] G \0 AuB{n)\, corresponding to the 
curve Ca U Cb, where Ca = C.\a and Cb ~ belongs to the variety T(2, 1) and 
cannot be general in any irreducible component of Vo . 

If 7^ (2, 1), then the divisor {jiH - 2r)|£/ - {n{d - 1) - 2)Fs' + 2F. In 

particular, F is contained in the divisor [nH — 2T)\£i with multiplicity at least 2 
and C ■ F = —2. We want to compute the multiplicity a of C along F. Let then 
tt' : Z ^yhe the blowing-up oiy along F. The special fibre of Z is A'UE'UB'UQ, 
where Q is the new exceptional divisor and A' and B' are the blowups of A and B at 
the point FnA and FCiB, with exceptional divisor QoA' and QOB' respectively. 
By the triple point formula 

e-£' -{A' + £' + B' + e)=o 

we deduce that (F^)© = -{F'^)£'-2 = -1 and, in particular, 9 ~ Fi and F = £'r\& 
is the exceptional divisor of 0. Moreover, denoting by C" the pullback to Z of C 
and by Fq the linear equivalence class of the fibre of , we have that 

C"|e ~ (2q; - 2)Fe + aF. 

Since C"|e must be an effective divisor, we have that 2a — 2 > 0, i.e. q > 1. 
Now, for every a > 1, we have that the image into X\u of a divisor in Z, linearly 
equivalent to nH — 2r' — 0:6, is a divisor linearly equivalent to nH and with double 
singularities along 7. Since we have taken a general divisor C in X\ir, with these 
properties, we may assume that a is the minimum integer in order that C"\@ is 
effective, i.e. a = multpiC') 1 and C"|e = F = C'ls'. This implies that C"\a' 
must intersect the exceptional divisor Q Ci A' with multiplicity one at the points 
F (1 A. Thus, recontracting 6 and going back to C C y, we have that C'\a must 
pass through the point F n i?i and it must be smooth and tangent to Ri at this 
point. At the same way, C'\b passes through F Ci R2 with multiplicity 1 and it is 
tangent to R2 at this point. 

Now, let V be the image of C into 5|i^2((7)- If ^ is a general point of A-*^ and 
{ti, ^2} = i^2^{t), then the fibre of V over t is Vt = Ct^ U Ct^ and, in particular, 
it is the union of two one-nodal curves in the linear system \nHt\. Whereas, the 
special fibre 2?o of T) is the curve, counted with multiplicity 2, image of Co under 
the contraction of £. Thus Vq = 2Ca U 2Cb, where Ca = CnA and Cs = CnB. 
FYom what we proved before, the point x = [Ca U Cb] G T{d, n) n Vo and the curve 
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in Tin corresponding to D is a local bisection of V,,f^ q i passing through [D] and 
intersecting the general fibre at 2 general points. 

Now we want to prove that the point x is general in T{d,n). To this aim let 
Z-^ be the blowing-up of Z along F — Q O £' . Now the special fibre of Z^ is 
Z^ = A" US' U B" U e U 261, where 61 ~ Fq is the new exceptional divisor and A" 
and B" are the proper transforms of A' and B' respectively. Moreover, denoting by 
C" the proper transform of C" on Zi , we have that 

C"'-ni7-2r" -6-261, 

where T" is the proper transform of T' . Now, by denoting by D the divisor D = 
6 + 26i + 2r", we consider the exact sequence 

(1) ^ Ozi{-Zl +nH ~ D) Ozi{nH -D) -> Ozi{nH - Z?) -> 

where Z^ is any fibre of Z^. By arguing as in the previous lemma, we see that 
the image of the map ro : H°{Z^ ,Oz^{nH - D)) H°{Z^,Ozi{nH - D)) is 
equal to h°{Z^Ozi{nH)) - 3 = h°{A U B, OAuB{n)) - 3. Hence, if we denote by 
T{n)p C 10^3(77.^^)1 the locus of surfaces of P"^, passing through p and tangent to 
R = S'^~^ Hit at p, then all divisors in the linear series {Oz^^inH — D)\ are cut out 
on Zq by surfaces parametrized by a divisor in T(n)p. We denote this divisor by 
"Dq where q — ^ C\ F . How to characterize Vql In order to answer this question we 
contract 61, 6 and finally F, and we come back to the family of surfaces X\u — > U . 
Now, the fibre F oi £ can be identified with a double cover of the fibre over p of 
the projectivized normal bundle to i? in P^. In other words, every point r of 
corresponds to a plane Hr in P'' containing the line TpR and there are exactly two 
points of F corresponding to the same plane. From the hypothesis that the singular 
locus 7 of C intersects the fibre F at q, we deduce that the image curve of Cq in P^^ 
is cut out on S"*^"^ U tt from a surface of degree n passing through p and tangent at 
p to the hyperplane Hq corresponding to q G F. The locus of surfaces with these 
properties is the divisor Dq C T{n). By the generality of q in F, we conclude that 
T{d, n) is an irreducible component of Vq. To see that there are not local sections of 
V^jj 1 PE^ssing though the general point [D] of T(d, n) use the previous lemma. □ 

Now we want to see which is the limit curve on 5'''^^ Utt if we consider a degener- 
ation of a general one nodal curve on the general fibre of the pencil J-^ specializing 
to 5"^~^ U TT in such a way that the node comes to a base point of the pencil. 
Computations we are going to do are partially contained in theorem 2.2 of [3]. 

Remark 2.4. Let pi e P'^ be the base point of our pencil T corresponding to 
the exceptional divisor Ei (Z B. Let j C be a general curve passing through 
pi and, in particular, transver sally intersecting S'^~^ at l{d — 1) different points 
Pi, q2, ■ ■ ■ , qi(d-i)) where I is the degree ofj. Lf A <Z A'^ x is the total space of 
and g : A ^ A^ is the natural map, then, locally working at [pi, 0), we may suppose 
that {pi, 0) = (0, 0, 0, 0), that A has equation 

xy — tz = 

and, finally, that g*"f has equations 

xy — tz — 
X — z ^ 
y — z = 0. 

Notice that (pi, 0) is a rational double point of A and that the pull-back curve g*j C 
A has two irreducible components passing through {pi,0), 

( z^Q ( z=t 

(2) 71 : < a; = and 72 : \ x ~ t 

[ y = o [ y = t, 
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transversally intersecting at (0,0,0,0) and where 71 — g*(j)i) is nothing else but the 
section of A corresponding to the inverse image of the point pi € ¥^ (which is a 
base point of T). If we denote by tt : A ^ A the restriction to the proper transform 
of A of the blowing-up of x at {pi,0), then the special fibre of A is given by 
Aa = AuQiUB , where A is the blowing up of A — S'''"^ O'tpi, B is the blowing up of 
TT at pi and Oi is the quadric cut out on A by the exceptional divisor. By identifying 
01 with the "projectivized" tangent cone of A at (0, 0, 0, 0) we see that the curves 
7r*7i and n*"f2 intersect Aq at two different points qi and q2, corresponding to the 
tangent directions of 71 and 72 at (0, 0, 0, 0) respectively. Moreover the tangent 
direction to 72 at (0, 0, 0, 0) is determined by the tangent direction to 7 at pi in P'^. 
In particular, if we set Ei = Oi H B and E[ = Qi Cl A, then qi and q2 don't lie on 
El UE[ because 71 and 72 are not tangent to tt or S"^"i (0,0, 0,0). Finally, notice 
that, the tangent .space to AcV^ xA^ xA^ at every point (0, 0, 0, t), with t ^ 0, is 
given by the hyperplane Hz of equation z = Q, and the curve 71 is contained in H^. 
Hence, the two lines Hi and H[ of Qi with Hi g \Ei\ and Hi S \E'i\, intersecting 
at qi, are nothing else but the projectivization of the intersection of Hz with the 
tangent cone to A at (0,0,0,0). 

Lemma 2.5. WEi{d,n) is an irreducible component ofVo of geometric multiplicity 
1, for every z = 1, . . . , d{d — 1). 

Proof. We will prove the lemma for i = I. We use the notation introduced in 
Remark 12.41 We blow-up the ambient space at their singular points and we contract 
all the exceptional components of the proper transform of A, different from 0i, on 
B. We denote by 5 — > the family of surfaces obtained in this way. S is nothing 
else but the blowing-up of <S along Ei. We denote by ^' U 9i U i? its special fibre. 
Now, let C iS be a general divisor, linearly equivalent to nH — a@i, with nodal 
singularities along 72. We ask which is the minimum a such that S\q-^ is effective. 
Now, 5*101 ~Q^0i|ei ~ Q^^i + ctE'i. Thus the minimum a such that S\ei is 
effective is a = 1. Then take S ~ nH — Qi. From the fact that S is nodal along 72, 
we have that ^lei has at least a node at 72 n 9i. But S\ei ^ Ei + E'l and hence 
S'lei — H2U H2, where H2 € \Ei \ and H2 G \E'i \ are the two hues passing through 
52. In particular, we find that the curve S n {A' U 0i U B) is cut out from a surface 
of P'^ passing through pi and tangent at pi to a plane Hq^ , determined by the point 
q2. Moreover, if we blow-up S along 72 and we denote by r2 the exceptional divisor, 
by Z the resulting family of surfaces and by Q'l the proper transform of 0i, then, 
by arguing as in the last part of the proof of lemma 12.11 you can prove that the 
image of the restriction map 

ro : H'^iOzinH - 2r2 - 91)) ^ H^{0^^^,^^sinH - 2r2 - Q'l)) 

has dimension dim\0^^ i''^H)\ —3, and, in particular, tq is surjective. So, the general 
curve on So = A (J B cut out by a surface of P'^ passing through pi and tangent at 
Pi to a plane Hq^ , is a limit of a general one-nodal curve on St in the linear system 
\nH\. Finally, by using the generality of the point 52 in £1 and by contracting Qi 
on B we conclude our proof. □ 

Theorem 2.6. Let Vq be the special fibre ofVnH.o,i- Then, the irreducible compo- 
nents of Vq are 

• WA{d, n), Wsid, n) and [d, n), for i — 1, . . . , d{d — 1), with geometric 
multiplicity 1 and T{d,n) with geometric multiplicity 2, if d,n > 2; 

• WEx{dTn) and WE2{d,n) with geometric multiplicity I, if{d,n) — (2,1); 

• WOi(d, n) and Wsiid, n), for i = 1, . . . , d{d— 1), with geometric multiplicity 
1 and T(d,n) with geometric multiplicity 2, if {d,n) = (d, 1) and d > 3. 
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Proof. Prom what we proved before, we have only to show that T{d,n), WA{d,n), 
Wsid, n) and Wsiid, n), for i = 1, . . . , d{d—l), are the only irreducible components 
of the special fibre Vo of V„h,o,i- 

Case 1. Let F C Vo be an irreducible component whose general element {D\ 
corresponds to a curve containing Ei. Thus V C WEi{d,n). But dimiy) = 
dim{WEi{d,n)), so V = WEi{d,n). 

Case 2. Let V be an irreducible component of Vo whose general element [D] 
corresponds to a curve D = Da U Db which is singular at a smooth point oi AlJ B 
and which does not contain Ei, for every i. If Da is singular, thus V = WA{d,n) 
and Db is smooth. If Db is singular, then V = Wb [d, n) and Da is smooth. 

Case 3. Assume that V is an irreducible component of Vo different from WA{d, n), 
WB{d,n) and WEi{d,n), for every i. Thus, from what we observed above, if D = 
DaUDb is the curve corresponding to the general element [D] of V, then Da and Db 
are both smooth curves. If i7 C is a sufficiently small analytic neighborhood and 
C C VnHfl,i\u is a general m-multisection passing through the point [D], then the 
family of curves X> — > C, naturally parametrized by C, has special fibre Vq = mD 
and general fibre Vt = D}u - ■ - U , equal to the union of m one- nodal irreducible 
curves in the linear system \Os-t(n)\. If we make a base change 



of order m and we smooth the total space of the obtained family, we get a family 
X ^ which is a cover of order to of 5 ^ A^, totally ramified along its special 
fibre. In particular, the special fibre of A" is = A U £i U • • • U £m-i U B, where 
every is a P-'^-bundle on an irreducible curve Ri isomorphic to R, for i = 1, . . . , to, 
with A intersecting £i along Ri, . . . , £i intersecting £i-i along Ri ^ Ri-i, . . . , £m-i 
intersecting B along a section Rm — R, with Rm ^ Rm-i- The image into P'^ of a 
section 7 of X, intersecting the special fibre at a point q G £i, is an analytic curve 
intersecting A with multiplicity to, — i at the point p Cz R, image of q, and B with 
multiplicity i at the same point. Now, wc have m irreducible divisors 2?* C A", 
i = 1,...,TO, in the linear system \nH\, mapped to V C S, via the morphism 
X ^ S. For our purposes, it is enough to consider only one of these divisors, say 
T?^. All fibres of arc now reduced. The general fibre of is an irreducible 
one-nodal curve, corresponding to a general element of Vt, while cuts on Xq a 
connected Cartier divisor which restricts to Da on A, to Db on B and a union of 
fibres, counted with the right multiplicity, on every £i. The singular locus of is 
a section of X, which we denote by 71. 

Now, by the hypothesis that Db does not contain Ei, for every i, we have that 
7i does not intersect Xq at a point on Ei or on the fibre Fij of £j , whose image into 
So is the point Ei OR, for every i and j. To see this, let S ^ nH be a divisor whose 
singular locus 7 intersects Ei at a smooth point of Xq and let y be the blowing-up 
of X along 7, with exceptional divisor V. If S" is the proper transform of 5 on 3^, 
then S' Ei = -2T Ei = -2, so Ei C S' and hence E, C Db C S C X. Similarly if 
7 intersects Xq at a smooth point of Fij, then, by arguing as before, we see that 
Fij C S. Moreover, by blowing-up along Fij, if j < to — 1, we find that ^ij-i-i C S 
and so on, until wc get that Ei C S . 

Finally, by the hypothesis that Da and Db are smooth and from what we proved 
above, the curve 71 must intersect Xq at a smooth point, say qi, lying on a fibre 



X 
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Fi of £i, whose image point p in P'^ is not a base point of the pencil T. Let y be 
the blowing-up of X along 71 and let us denote by Fi the new exceptional divisor. 
The proper transform, which we still denote by Fi, of Fi on is now a (— 1)- 
curve on the proper transform £■ of £i. Now, if V^' is the proper transform of 
T)^, by the hypothesis that is singular along 71, we have that V^' ^ nH — 2Ti 
and this implies that Fi is contained with multiplicity at least 2 in the divisor 
1)^ If. ^ 2Fi + cF£. , where c = n{d — 1) — 2 and Fg. is the linearly equivalence class 
of the fibre of £i. By using that is a Cartier divisor, wc find that Da = T)^ \a 
and Db — T>^'\b, intersect R with multiplicity at least 2 at the point p of R 
corresponding to the fibre Fi. Since Da and Db are both smooth curves, it follows 
that the curve Da U Db C AU B is parametrized by a point [Da U Db] G T{d, n). 
This proves the statement. □ 

Corollary 2.7. Let V^h k s Universal Severi-Enriques variety introduced in 

the first section. Let Vq be the special fibre of VnH.k,S o,nd let [D] G Vo be any point, 
corresponding to a curve D — DaUDb C AUB. Assume that Da and Db intersect 
transversally R = A n B at a point p, in such a way that D has a node at p. Let 
U d h} be an analytic neighborhood small enough of £ h} and let C be a general 
local m-multisection ofVnH,k,s passing through [D]. Denote byV^C the family of 
curves naturally parametrized by C and by "Dt the general fibre ofD, with irreducible 
components , . . . , . Then, the point p is not a limit of any singular point of 
Dl, for every i = 1, . . . , m. 

Proof. If we make a base change of order m and we repeat the same argument 
as in Case 3 of Lemma 12.61 we see that, if p is limit of a singular point of Dl, 
then p is contained with multiplicity at least 2 in the divisor RC\ Db = RC\ Da- 
Finally, notice that this is true for every point p (z R, also if p = Ei Cl R, for some 
i = 1, . . . 1). □ 

3. The case of one-cuspidal curves 

In this section we want to determine all irreducible components of the special 
fibre Vq of VnH,k=i,5=o with the respective geometric multiplicities (see definition 
II. 2p . We will assume d,n > 2, in such a way that on the general surface St C 
of the pencil J- there exist irreducible curves in the linear system |05j(n)| with a 
cusp at the general point of St and no further singularities. In particular, under the 
hypothesis d, n > 2, we have that V^^^ q is a non-empty, irreducible subvariety of 
codimension 2 of [©^^(n)!. 

Lemma 3.1. Assume that d > 2 and n > 3. Then 

\OA{n)\ 

is an irreducible component o/Vq of multiplicity 1. If[D = Da'JDb] is its general 
element, then Da and Db are irreducible, they intersect transversally R, Da is 
smooth and Db has only one cusp as singularity. In particular, D does not contain 
any exceptional divisor Ei C B, with i = 1, . . . , d(d — 1). 

Proof. If d > 2 and n = 2, then the variety |C'^(n)| X|c)^(„)| Vj^^^^ has di- 
mension smaller that dim{\OAijBi'2)\) — 2 and, in particular it cannot be an ir- 
reducible component of Vq. On the contrary, when d > 2 and n > 3 we have that 
dim( I OyiuB ("-)!) — 2 = dimiV^fj^ q). We leave to the reader to verify that the gen- 
eral element [D = Da ^ Db] of 'X\OH{n)\ VnH 1 corresponds to a curve as 
in the statement. To prove that [D] is a limit of the general element of Vt, consider 
in the linear series |05(n)| the family of divisors singular along a section 7 of 5 
passing through a general point p oi B and see that it cuts out on AU B a. family 
of curves of codimension 4 in \OAuB{n)\, so it cuts out on AU B all curves with a 
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cusp at p G _B in the linear system \nH\. By the generality of p, the statement is 
proved. □ 

Lemma 3.2. Assume that d,n>2 and {d,n) ^ (2,2). Then 

VnHA.o X|o«(«)| ICsHI 

is an irreducible component of Vq of geometric multiplicity 1. If [D — Da U Dg] 
is its general element, the curve U Dg does not contain any exceptional divisor 
Ei C Bjthe curve Da and Db are irreducible, they intersect transversally R, Dg is 
smooth and Da has only one cusp as singularity. Finally, g y<\Oii{n)\ |C-b('^)I 

and |0^(7i)| 'X\OR{n)\ ^nH 1 ^'^^ ""■^2/ irreducible components ofVo of geometric 
multiplicity 1 and whose general element does not contain any Ei . 

Proof. The proof is left to the reader. □ 

Remark 3.3. By the previous Lemmas and by Corollary \2.7\ the other possible 
irreducible components of the special fibre Vq ofVnH.i,o "o-re produced" by degener- 
ations of the general element [Dt] of Vt such that as Dt goes to AU B, the cusp of 
Dt specializes to the a point of the singular locus R of AU B. 

Let F{d, n) C \OAuB{n)\ be defined as the Zariski closure of the quasi projective 
variety 

{ [D] I Da and Dg intersect i? at a general point p with multiplicity 3 
and they are smooth at p}. 

Notice that F{d, n) parametrizes curves cut out on A U S by surfaces of degree 
n intersecting R with multiplicity 3 at a general point p oi R. If d = n = 2, 
then F{2, 2) is cut out on ^4 U i? by quadrics containing R and you can verify 
that dim{F{2,2)) < dim{\OAuB{n)\) -2. If d,n > 2 and {d,n) ^ (2,2), then 
dim{F{d,n)) ~ dim{\OAuB{n)\) — 2 and moreover the general element F{d,n) 
corresponds to a curve D = Da ^ Db such that Da and Db are smooth and 
they intersect transversally R at further d{d — 1) — 3 general points, outside the 
multiplicity 3 intersection point. 

Lemma 3.4. Let {d,n) > (2,2), then F{d,n) is a non-empty irreducible compo- 
nent of the special fibre Vq ofVnH.i,o if and only if {d,n) ^ (2,2). The geometric 
multiplicity of F{d,n) is 2. 

Proof. Step 1. Let X be the normalization of the double cover of iS ^ ramified 
at the special fibre 




as in the proof of lemma 12.31 If U is an analytic neighborhood of e A^ small 
enough, let 7 be a section of the family X\u intersecting the special fibre Xq = 
AuSiJB at a point q lying on a general fibre F of £. Now, let y be the blowing-up 
of X at q, with new exceptional divisor T ~ P^. The special fibre of y now is 
A\JS' VJB\JT, where £' is the blowing-up of £ at q, F|, = — 1, T intersects £' along 
a curve which is a line on T and a — 1-curve on £' and it has not intersections with 
A and B. The proper transform 7 of 7 now will intersect T at a general point q^. 
Let us consider a general effective divisor C <zy\u linearly equivalent to uH — 3T 
and with cuspidal singularities along 7. Notice that such a divisor C exists and its 
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general fibre is an irreducible curve with only a cusp as singularity at Qf Now, if 

{d.n) = (2,2), then {nH — 3T)[£/ is not effective. This implies that £' is contained 
in the base locus of \nH — 3T| and, if Ca U Cb C AL) B is the special fibre of the 
image of C to S, then i? = Ca fl Cb- Finally, the point [Ca U Cb] belongs to F{2, 2) 
but it is not general in any irreducible component of Vo- Assume that d,n > 2 
and {d,n) ^ (2,2). Then {nH — 'iT)\£i is an effective divisor containing F with 
multiplicity at least three. Moreover, C\t will be a cubic with at a least cusp at q^. 

Step 2. Let y' be the blowing-up of y along 7 and denote by F the new excep- 
tional divisor. The special fibre of 3^' is A U f U iJ U T', where T' is the blowing-up 
of T at (/O) with exceptional divisor Eq = T' (1 T. Moreover, notice that F inter- 
sects every fibre of y' along a — 1-curve Et. By the hypothesis that C C y has 
cuspidal singularities along 7, we have that the proper transform C of C is linearly 
equivalent to nH — 3T' — 2F and the general fibre C't of C intersects Et at only 
one point q'^ and it smooth and tangent to Et at this smooth point. The points 
q't determine a section tp of y' , contained in F, intersecting the special fibre of y' 
at a general point q'^ & T' (iT. If we blow-up y' along ip, we denote by y" the 
obtained family of surfaces and by ^ the new exceptional divisor, then the proper 
transform C" of C will be linearly equivalent to nH — 2>T" — 2F — S^*. Now observe 
that C"F = -3T"F = -3, and hence F C C. We set a = multF{C) = multpiC"). 

Step 3. Let 3^-'^ be the blowing-up of y" along F. We denote by Qi the new 
exceptional divisor. Now, the special fibre of is given hy Ai+ Bx + Qi+ £' + Ti, 
where Ax, Bi and Ti are the blow-ups of A, B and T" at FC\A, FC\B, a.nd Fr\T" 
respectively. Then, by the triple point formula 

61(^1 -hBi +Ti +£' + 61) = 0, 

we find that Fq^ = —2 and hence Q\ ~ F2. Moreover, if C\ is the proper transform 
of C" , then, denoting by Fq^ the linear equivalence class of the fibre of Gi, we find 
that 

Cilei ~ -^Fe, - aQi\@, ~ -iFe, + a{?,Fe, + F) ^ (3a - 3)Fe, + aF. 

Now Ciloi must be effective, so a > 1. Moreover, since C C 3^ is general among 
divisors linearly equivalent to nH — 3T and with cuspidal singularities along 7, 
we may assume that a is the minimum integer in order that Ci|ei effective, 
i.e. a = multF{C) = 1 and Ci\q^ = F. Again, notice that F c Ci, because 
FCi = (-3Ti - ei)F = -3 - (QifS' = -3 + 1 = -2. Moreover, Ci must be 
smooth along F. 

Step 4- Let y"^ be the blowing-up along F oi y^. We denote by 62 the new 
exceptional divisor. Now the special fibre 3^0 of 3^^ is 

3^^ = ^2 u u B2 u T2 u 61 u 262, 

where A2, T2 and B2 are the blowing-up of Ai, Ti and Bi at Fn^i, FnTi and FnBi 

respectively. Now, by the triple point formula, Fq = — 1 and G2 ~ Fi. Moreover, 
if C2 is the proper transform of Ci, then C2|e2 ~ —'^F@2 + 5(3-^02 + F + Fq^ + F), 
where Fq^ is the linear equivalence class of the fibre of 62. So, C2|e2 = 

Step 5. Finally, let 3^^ be the blowing-up of y"^ along F and let G3 ~ Fq be the 
new exceptional divisor. The special fibre of 3^'^ now is 

^3 + + + S3 + 61 + 292 + 363, 

where A^, T3 and B3 are the proper transforms of A^, and i?2- Moreover, if you 
denote by C3 the proper transform of C2 then C3 ~ nH — 3T3 — 2F — 3^* — Qi — 
262 — 363 and the linear system |C3|e3 1 = \F\ is the ruling determined by F and it 
does not contain F in its base locus. 

Now, let V be the image oiC cy\u into S\^^(jj) and let = 2Ca U 2Cb, where 
Ca = C n a and Cb = C n B, be the special fibre of V. What we proved above 
shows that the point x = [Ca U Cb] G F(d,n) n Vo- In particular, the family V 
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corresponds, into the relative Hilbert Scheme Tin, to an analytic local bisection of 
V^jj I g intersecting the special fibre Vq at the point x and the general fibre Vt at two 
general points. 

Step 6. Now we want to prove that the point x is general in F{d, n). To this aim, 
recall that F{d,n) C |C'aub(''^)| parametrizes curves cut out on A U B by surfaces 
Sn C intersecting R with multiplicity three at a general point. These surfaces 
are parametrized by a codimension two subvariety !F{n) C |C'p3(n)|. Now, going 
back to the family of surfaces X of Step 1, let p be the point of R corresponding to 
the fibre F of E. As we already observed in Lemma [2.31 F can be identified with 
a double cover of the projectivization of the fibre over p of the normal bundle to 
i? in P^. Equivalently, F is a double cover of the parameter space of planes of P^ 
containing the tangent line TpR to R at p. Let Hq be the plane corresponding to 
q — J n F. Since the singular locus of the image of C C y\u into X\u intersects 
F at q, then the special fibre Co = C n J^o of C is cut out on by a surface Sn 
intersecting R at p with multiplicity three and tangent to Hp at p. In other words, 
if we denote by F{d,n)p^Hg the codimension 4 subvariety of F{d,n), parametrizing 
curves cut out by surfaces of P^ of degree n intersecting with multiplicity three R at 
the point p and tangent to the plane Hq, then x G F(d, n)p^H, ■ 

Step 7. Now, let us denote by I?r,* the linear equivalence class of the divisor 
STz + 2r + S^- + Oi + 292 + 363 C and by yf the fibre of y^ over i e C/ C A^. 
Then, by arguing as in the proof of lemma 12.11 we find that the dimension of the 
image Im{rQ) :— Wr,* of the map 

ro : H^iy"", OysinH - I?r,*)) ^ H^ylOy^inH - i^r,*)) 

is 

h\yf,Oy.{nH - Dr,^)) = h°{yf, OysinH - 2r - 3*)) = h%yf ,Oy3{nH)) - 5. 

We want to prove that the family Vr,* C \Oaub{''t-H)\ of image divisors of di- 
visors in Wr,*, with respect to the natural morphism y^ — * S, has dimension 
h°{yt, Oy^{nH)) - 5 = h"{St, OsA^H)) - 5. To this aim, notice that, from what 
we have proved until now, at the Step 2, the restricted linear system \C\t\ is the 
linear system T~f^^ of cubics having a flex at the point F n T and a cusp, with 
cuspidal tangent line R^ determined by the section of F, at the point 7 n T. So, 
dim{T~f_^) > 1. Actually, it is easy to show that ^-y.^ is a pencil whose all fibres 
are irreducible and moreover, by using Proposition 2.1 of 2 , one can prove that, 
if Ci and C2 are two cubics of J-^^tp, then Ci and C2 intersect with multiplicity 
exactly three at the point F ClT. In particular, by using notation of Step 5, the 
proper transforms Ci and C2 of Ci and C2 to intersect the exceptional divisor 
03 n T3 at two different points ri and r2. If Si and S2 are two divisors in the 
family W^,^s C \nH - {STa + 2r + 3^- + 61 + 262 + 363)! such that S,\ts = C^, 
then the intersection points S'llyig H 63 and 5*2 1^3 H 63 are different and they are 
determined by ri and r-i. More precisely, 5^1 ^3 fl 83 = H A3, where F^- is the 
line of the ruling \F\ of 83, passing through r^, i = 1, 2. We deduce, in particular, 
that there are not two divisors in Wr.i/. restricting to the same divisor on A and 
on B and to two different cubics on T3. So, Vr.* C F(d,n) n Vq has dimension 
dimiVr.^f) = dim(Wr,*) = dim{\OsAnH)\) - 5. 

Moreover, let us consider, at the Step 2, a general section ipi of F C 3^', inter- 
secting T' at a point on F n T' different from ip CiT' G F n T'. We want to prove 
that V-y,^ and V-y_^j are different subvarieties of F{d,n) fl Vo C \OA{jB{nH)\. To 
this aim, let y" be the blowing-up of y' along ij} and ■(/'i, let 5* and the new 
exceptional divisors, let us repeat all blow-ups of Steps 3, 4 and 5 and let us use the 
same notation. Now, if D and Di are two irreducible cubics belonging respectively 
to the pencils Jr,* and ^r,*i on T, then D and Di intersect with multiplicity 4 at 
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7 n T and with multiplicity m, with 3 < m < 5 at the point F HT. Moreover, for 
any cubic C in the pencil ^r,*, there exists only one cubic Ci in the linear system 
^r,*i, intersecting C with multiplicity at least 4 in F n T. The proper transforms 
C and Ci to T3 of C and Ci will intersect at a point r of the exceptional divisor 
QsHTs with multiplicity at most 2. Let S and be any two divisors in 3^^, belong- 
ing respectively to the linear series \nH - (3T3 + 2r + 34' + 6i + 262 + 363)! and 
|n7? - (3T3 + 2r + 34-1 + 61 + 262 + 363) I , and such that S'Itj = C and 5i = Ci ■ 
We want to prove that the curves STl (A3 Ui?3) and Si n (A3 U-B3) can not be equal. 
Assume that multr{C fl Ci) = 1. Let be the blowing-up of along the fibre 
Fr of 63 passing through the point r. (Notice that Fr = S H Q3 ~ Ci Si). Let 
T4, A4 and i?4 be the proper transforms of T3, A3 and B3 and let O4 be the new 
exceptional divisor. Now, Q4 is isomorphic to Fi and it is contained in the special 
fibre of y^ with multiplicity 3 and F^q^ = — 1. Moreover, if S' and S'l are the 
proper transform of S and Si in then 

S'\e, ^ (niJ-3T4-2r-34'- 61 -262 -383 -464)104 
- -m\e, - 383104 + ^(383 + Ti + Ai + Bi)\0, 

-^04 

~ -5*1164. 

where Hq^ is the linear equivalence class of a line on 84. The two lines R = 
S' n 84 and Ri = S[ n 84 intersect T4 at two different point by the hypothesis 
that multr{C n Ci) = 1 on T3. If i? and i?i intersect A4 at the same point, and 
hence 5* n ^.3 and S'l n A3 are tangent at Fr Ci A3, then R and Ri must intersect 
B4 at two different points. In particular, S CiB^ and S' fl B3 intersect transversally 
at Fr n B3 and so they are different curves. Assume now that multr{C fl Ci) = 2 
on T3. Then, when we blow-up along Fr, by using the same notation, the lines 
= S' n 84 and i?i = 5*^ n 84 intersect T4 at the same point, li R ^ Ri we find 
that S n (A3 U B3) and Si n (A3 U B3) intersect transversally at Fr n A3 and Fr n B3 
and, in particular, they are different curves. If i? = i?i let 3^5 be the blowing-up of 
34 along R. The new exceptional divisor 85 is still an Fi contained in the special 
fibre of y^ with multiplicity 6. Moreover, the proper transforms S" and S" of S' 
and S[ will intersect 85 along two lines R and Ri respectively. Now, R and Ri 
must be different by the hypothesis that multr{C fl Ci) = 2 on r3. This implies, 
in particular, that the curves S" n A5 U -B5 and 5" fl A5 U are different. This 
proves that Vr,* and Vr,*i are two different subvarieties F{d, n) n Vo of dimension 
dim{\OsAnH)\) 

It follows that F{d, n) fl Vo contains the codimension 4 subvariety F{d, n)p^H of 
F{d, n). By using now the generality ofq = 7ni^ini^c3^ and the generality of 
the fibre F on £, we see that F{d, n) is an irreducible component of Vq. Finally, the 
fact that there are not local analytic sections of VnH,i,o passing through the general 
element of F{d,n) follows from lemma [3A] □ 



Lemma 3.5. Assume d,n > 2. Let V he an irreducible component of geometric 
multiplicity 2 of the special fibre Vq ofV^u 1 whose general element [D] corresponds 
to a curve D = Da U Db, such that Db does not contain Ei, for every i < d{d— 1). 
Then V — F{d,n). In particular, for d = n = 2, there are not irreducible compo- 
nents ofVo of geometric multiplicity 2. 
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Proof. Under the hypothesis d,n > 2, let V be an irreducible component of Vq as 
in the statement and let [D — Da U its general element. Let 




be the smooth double cover of 5, totally ramified at the special fibre, which we 
already described in Lemmas 12.31 and 13.41 Let S ~ nH be a general divisor, such 
that 5* n A:"* is a general 1-cuspidal curve on Xt and such that S Ci A = Da and 
S n B = Db- The singular locus 7 of S* is a section of X. By the hypothesis that 
there are not local analytic sections of VnH,ifl passing through the general element 
of V, we have that V ^ V^^sfl X|o«(n)| I^bWI and V ^ X|o^(„)| V^f^sfl^ 

and so 7 n A<) is not a smooth point oi A\J B lying on A or i? \ U^l'^ Ei. 

By the hypothesis that Db does not contain Ei, for every i,by arguing as in Case 
3 of Lemma 12. 6[ we have that 7 does not intersect Xo at a point on Ei or on the 
fibre Fi of £ passing through the point EiD £. 

Hence, 7 intersects Xq at a smooth point q £ F C £, where F is any fibre of £ 
different from Fi, for every i. As in the Step 1 of the previous Lemma, let y be the 
blowing-up of X at q with exceptional divisor T and let 7 be the proper transform 
of 7. Now, the proper transform S' of S is linearly equivalent to nH — mT, where 
m is the multiplicity of S at q. Since S'\t is a plane curve of degree m which must 
have at least a cusp at 7 n T, we have that m > 2. 

If d = n = 2 and m > 3 then £' C nH — niT. In particular, i?i C S\A — Da and 
R2 C S\b — Db and the point [D] is not general in any irreducible component of 
Vo. 

Suppose that to > 4 and {d,n) ^ (2,2). Then S'ls' contains F with multiplicity 
TO > 4 and so Da U Db is cut out on AU B from a surface of P^^ intersecting 
R = S'^~^ n TT with multiplicity at least four at the point p image oi F C £■ In 
particular, [Da U Db] is general in a subvariety W C IOaubI^^)! of codimension at 
least 4 — 1 = 3 and it can not be general in any irreducible component of Vq. 

If m = 3 and {d, n) ^ (2, 2), then V = F{d, n) by the previous lemma. 

Assume that m = 2 and d,n > 2. Then, S'\t = 2R, where i? is a line passing 
through the point 7 n T. Now, by FS' = —2 we have that S'\£' contains F with 
multiplicity r > 2. Since S" is a Cartier divisor, R is the line generated by n T 
and 7 n r and F is contained with multiplicity exactly 2 in the divisor S'\£i . Now, 
if y" is the blowing-up of y' along F, the proper transform 5"' of S" restricts on 
the new exceptional divisor Oi ~ F2 to an effective divisor linearly equivalent to 

-2Fe,+a{3Fe,+F), 

where we may assume that a is the minimal integer in order that S"'|ei is effective 
and it intersects with multiplicity two T' nQi at the point i?' n 81, where R' and 
T' are the proper transforms of R and T. So a = 2 and Da and Db have a double 
point at the point p E R corresponding to the fibre F. Also in this case Da ^ Db 
is general in a subvariety W C IC'aubI?^)! of codimension at least 4—1 = 3, and so 
[D] = [Da ^ Db] can not be general in any irreducible component of Vo- □ 

In order to describe the other irreducible components of Vo C VnH.1,0 we need 
to introduce some notation. Let SA{d,n) = be the Zariski closure of the 

locally closed set 

Da has a node at a general point p of i?} C [OAinH)\ 
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and let SB{d,n) — T^j^q ^ C 103(^)1 be defined at the same way. Moreover, let 
TA^d, n) be the Zariski closure of the locally closed set 

{[I?^]! Da is tangent to i? at a general point C 

and let Tsid, n) C [(^^(n)! be defined at the same way. 

Lemma 3.6. For every d,n > 2, we have that SAid,n) X\Or{7i)\ TB{d,n) and 
TA{d,n) 'X\OR(n)\ SB{d,n) are two irreducible components of the special fibre Vo of 
^nH,i,o of geometric multiplicity 3. 

Before proving the lemma notice that SA{d,n) X\OR{n)\ Tsid^n) parametrizes 
curves cut out on A US by surfaces of degree n in tangent to S'^"^ and transverse 
to TT at the general point p oi R — S"*"^ n tt. In particular, its general element [D] 
corresponds to a curve Da U Db, such that Da is a one nodal curve, with the node 
at a general point p of i?, intersecting transversally R outside p at points different 
from Ei n i?, for every i and Db is a smooth curve tangent to i? at p and such that 
Db f^ R = Da H R. Similarly for TA{d, n) x \OR(n)\ SBid, n). 

Proof. We prove the lemma for SA{d,n) X|e)^(„)| TB{d,n). The other case is the 
same if you substitute A with B. Let pER = AriBcSohea. point different 
from Ei n -R, for every i. By using the notation of Theorem 12.61 we denote by 
y the desingularization of the triple cover of iS, totally ramified along its special 
fibre yo — AU £i U £2 ^ B and by Fi the fibre of £i, with i = 1, 2, over the point 
p = (0,0,0,0) of S. Let now U C be an analytic neighborhood of and let 
'Y C y\u be a local section passing through a general point Qq of Fi. 

Step 1. Let y be the blowing-up of y at the point q}^ — 7 H J^Oi with new 
exceptional divisor T and with special fibre 3^o- Let we denote by 7 the proper 
transform of 7 to 3^ and let 

c c y\u 

be a general divisor such that C ^ uH — 2T and the general fibre of C is irreducible 
with a cusp as singularity at the intersection point p\ = 7 fl 3^*. Notice that, since 
we are assuming d, n > 2, such a divisor exists. Which kind of singularities may 
appear in the special fibre of C? First of all we observe that C\t = 2L, where L 
is the line generated by the points 7 n T and Fi DT and so C\y^ contains Fi with 
multiplicity exactly 2. Now, if we recontract T, the image C of C in y is a family 
of curves with cuspidal singularities along 7 and such that C\yo contains Fi with 
multiplicity exactly 2. Let y^ be the blowing-up of y along 7. If F is the new 
exceptional divisor, then F is a P^-bundle over 7 intersecting every fibre y^ of y^ 
along a curve Et which is the exceptional divisor on yt and a fibre on F. The special 
fibre ofy^ is 3^0 = AL)£[L)£2^ B, where £[ is the blowing-up of £1 at 7 fl £1, with 
exceptional divisor Eq. By the hypothesis that C C y has cuspidal singularities 
along 7, we have that the proper transform C of C in y^ is linearly equivalent to 
nH — 2F and the general fibre of C is tangent at Et at a smooth point q} . Since 
C'lyo contains Fi with multiplicity exactly 2, the limit point q}, of q} will be the 
intersection point of £'0 with Fi. We denote be (j) the section described by points 
qj. Notice that F n C = 20 and moreover C[Fi = -2. 

Step 2. Let us set ai — multp^C and let y^ be the blowing-up of y^ along 
Fi. The special fibre oi y"^ \s y^ ^ A' \J £[VJ £'2^ QiiJ B, where 81 is the new 
exceptional divisor and A' and £'2 are the blowing-up of A and £2 aX Ar\ Fi and 
£2C\Fi respectively. By the triple point formula, the new exceptional divisor Qi is an 
Fi with exceptional divisor Fi — Qi Ci £[. Now, since ip intersects £[ transversally 
in y^ at S Fi, the proper transform <p' of <p in y^, contained in the proper 
transform F' of F, must intersect Qi at a point qi lying on the fibre FQ_^ qi of Qi, 
corresponding to the point ^q. If C" is the proper transform of C, then C"|ei must 
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be an effective divisor passing through qi and tangent to Fq^^^i at qi. FinaUy, 
by generahty, ai is the minimum integer such that C"|ei verifies these properties. 
Now, if is the linearly equivalence class of the fibre of 81, then 

C"\e, - ^2Fe, + ai{A' + S[ + £^)\ei 
~ (2ai -2)Fe, +ai^^i. 

From what we observed before, we may assume ai = 2 and hence C"|ei is a conic 
tangent to ^Oi.gjJ qi and verifying one more property. Indeed, since C" ^ nH — 
2r' - 261 we have that C'Fa = -2eii^2 = -2, and in particular F2 C C" . More 
precisely, C"\£^ contains F2 with multiplicity 2, because, as we observed at the 
previous Step, C'jgj C contains -Fi with multiplicity 2 and C\y2 is a Cartier 
divisor. 

Step 3. In order to understand the type of singularity of C"\b at the point F2r)B, 
let 3^'^ be the blowing-up of along F2 . The special fibre of 3^'^ is now 

y^ = A' + £[ + e'l +£!2 + B' + 62, 

where 02 is the new exceptional divisor and B' and Q[ are the blowing-up of B 
and 01 at B D F2 and 81 n F2 respectively. Again, by the triple point formula, 
O2 is isomorphic to Fi with exceptional divisor F2 — 02 n £2- Now, if we set 
a2 = multF2C" , then a2 is the minimum integer in order that C'Iq^ is effective. 
By arguing as before, we find that 

C"'|e. -(2a2-2)Fe, +^2^2, 

where Fq^ is the linearly equivalence class of the fibre of 02- Thus a2 — I and 
C'loa is equal to F2 and, again using that C"'\y3 is a Cartier divisor, C"'\b must 
contain the point F2 Ci B with multiplicity 1. In particular, we have that, at the 
Step 2, the divisor Cjoi is a smooth conic tangent to the fibre 0i fl £^2 at the 
point F2 n 01 and to the fibre ^gii.gj at the point qi. So, the divisor C d y\u 
cuts on A a curve C'a = C\a with a node at Fi H A and on B a curve Cb = 
C\b which is smooth and simply tangent to R2 at the point F2 Cl B. Moreover, 
if [C] G IOausI?^)! the point corresponding to the curve C — Ca U Cb, then 
[C] G Vo C\ SA{d,n) X|ci^(„)| Tsid^n) and there exists a local analytic trisection of 
V^uiQ, passing through \C] and intersecting the general fibre of V^j^ i q at three 
general points. 

Step 4- We want to prove that [C] is a general point of SA{d,n) x\Qj^(^n)\TB{d,n). 
Let be the blowing-up of y^ along F2 and 0', with new exceptional divisors 03 
and $ respectively. The special fibre of is 

y^ ^ A' + £[+£!2 + 0'/ + 02 + 203 + B", 

where 0" and B" arc the proper transforms of Q[ and B' respectively. By the 
triple point formula, 03 ~ Fq and F2 is a line on 03. Moreover, if C is the proper 
transform of C" in y*, then C ~ ni? - 2r' - 3$ - 20'/ - 02 - 203 and C|e3 ^2- 
Now, denoting by y^ the general fibre of and by Dg-^ the linear equivalence class 
of the divisor 2r' -I- 3$ -I- 20" -I- 02 + 203, by arguing as in Lemma [2TT1 we see that 
the image Wq^ of the restriction map 

ro : \Oy4nH - Dg,))\ ^ \Oy.{nH - DgJ)\ 

has dimension dim{\Oy4.{nH)\) — 5. Moreover, you can easily verify that also the 
restriction map 

F:Wg,^\Oe,"{nH^DgJ)\ 
is surjective and, hence, the pencil \OQ^"{nH — Dq^)\ cuts on the curve 0'/ Ci A' a. 
g\ , which we denote by Cq-^ , whose ramification points are Fi H A' and Rq-^ , where 
Rq^ is the intersection point of the fibre 0i n A' and the proper transform Lq-^ on 
0" of the line on 0i generated by the points qi and F2 n 0i. 
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Step 5 Now, notice that, under the natural map [Vg ~* "^o contracting all excep- 
tional components of y^, the variety Wg^ is mapped injectivcly to a codimension 5 
subvariety Vq^ of [(^^^(n)! = \OAuB{n)\. This follows from the fact that there are 
not two divisors and ^2 in the linear system \Oy4{nH — Dg^)\ cutting out the 
same divisor on A' and B" and two different conies to 0", because the conic cut 
out by Si on Q'{ determine the intersection points SiCiA'tl Q'{. Finally, notice that 
Vg, C Von SA{d,n) X Ts(d,n). 

Now, if pi is another general point of the fibre -Fg^ corresponding to the 
intersection of Qi with another general section ^pi of F', and, if blow-up along 
V'l and we consider the varieties Wp^ and Vp^, then Wp^ ^ Wq^ and Vp^ ^ Vq^. 
Indeed, by the previous Step, the linear series Cq-^ and Cp-^ arc different because 
they have different ramification points. So, for every point qi € Fq^ ^i, the variety 
Vgi is contained in a codimension 4 subvariety of |0^ub('^)|) contained in Vq n 
SAid, n) y<\On(n)\ Tsid, n) and parameterizing all curves on A U -B which arc image 
of curves cut out on = ^ U f i U f 2 U S by divisors in the linear system nH with 
cuspidal singularity along 7. 

Moreover, if (3 is another section of intersecting 3^o at a- smooth point a; J G 
Fi C fi, with x\ ^ Qq, and we construct the related variety V/3 C \OAuB{nH)\ then 
Vf} ^ V-y. To see this, let us came back to Step 1. Let S/} and S^ be two divisor 
in the linear system 1 0^(^)1 with cuspidal singularities along (3 and 7, respectively. 
Let y-^ be the blow-up of y along /3 and 7 and after along Fi . We denote by 5^ 
and S!y the proper transforms of S/3 and 5-y on y^ and again by ©1 the exceptional 
divisor of the blowing-up along Fi. We know that S'^lei = C/3 and S!y\Q^ = 
are two irreducible conies tangent to F2 n0i. Moreover, and cannot coincide 
because they are tangent to two different fibres of Gi, but they can intersect A' 
at the same points, where A' is again the proper transform of A on y^ . Assume 
that C/s r\ A' = Cj n A' = {ri,r2}. Then and C-y intersect with multiplicity 
exactly 2 at the point F2 fl 61, by the Bezout theorem. Now, since when we blow- 
up twice F2 , the last exceptional divisor is isomorphic to Fo and the pull-back of S 
and S' will restrict to a line in \F2\ on 63, it follows that the curves <S'^|b = S/}\b 
and S!y\B = Sj\b intersect with multiplicity exactly two at the point F2 Ci B. In 
particular, /S^ls 7^ 

We have proved that the locus Wp^ parametrizing curves on y^, cut out by 
divisors in the linear system |C';^;(n)| with cuspidal singularities along a section of y, 
intersecting y^ at a smooth point of Fi, has dimension dim{WFi ) — dim{\Oy^ {n)\) — 
3 and it is mapped one to one to the variety Vp C Vo n SA{d,n) X|ei^(„)| TB{d,n) 
parametrizing divisors in |Caub('^)| cut out by surfaces tangent to A and transverse 
to B at p. By the generality of p on R, we find that SA{d. n) x Tsid, n) is 

an irreducible component of Vo- The fact that there are not local analytic sections 
or bisections of V^^ ^ q passing through the general element of SA{d,n) X|o^(„)| 
TB{d, n) follows by the previous lemmas of this section. □ 

Lemma 3.7. Let V he an irreducible component 0/ Vo of geometric multiplicity m > 
3, whose general element [D] corresponds to a curve D C AuB not containing Ei for 
every i. Then V is equal to SA{d, n) x |e)^(„)| TB((i, n) or TA{d, n) X|ci^(„)| Ssid, n). 

Proof. Let V be an irreducible component of Vo as in the statement. By the gener- 
ality of [D\ in V, if WiPj, with pi ^ pj \ii ^ j, is the divisor cut out by D on R, 
then we have that mj < 3 for every i. Indeed, if VF C |Oaub(^)| is an irreducible 
component of the locally closed set 

{[C]|C = Ca^Cb C |Oaub(?^)| such thatCni? = ^^miPi, with mi > 4for somei}, 

i 

them dim{W) < dim{\OAuB{n)\) — 4 -|- 1 = dim{\OAuB{n)\) — 3 and so W cannot 
be an irreducible component of Vo- Moreover, if DnR = rUiPi and for some i we 
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have that — 3 then and must be both smooth at p^, because otherwise 
dim{V) < dim (IOaub ("■)!) — 4+1. So, in this case we have that [D] G F{d,n) and 
hence V = F{d, n) and ra — 2. 

Hence, we may assume that, li D C] R — miPi, then < 2 for every i. Now, 

let 

\ S' S ^ p3 

be the covering of order to of 5 totally ramified at the special fibre, which we 
already introduced in the Lemma 12.61 By using the same notation as in Lemma 
\2M let <Yo = A U ■ • • U £i U ■ • • U B be the special fibre of X and let P C A" be a 
divisor, linearly equivalent to nH, such that VCi A = Da, 'Dr\B = Db and Vr\Xt 
is a general 1-cuspidal curve on the fibre in |0;tt('T^)|- I3y the hypothesis that Db 
does not contain any exceptional divisor Ei , by using the argument of Lemma 13. 5[ 
we have that the singular locus 7 of P intersects Xq at a point q of Ei lying on a 
fibre Fi, whose image point p in iSq is not Ei n i?, for every I < d{d — 1). Now 
let X^ be the blowing-up of X along 7 with exceptional divisor F and special fibre 
Xq = AU ■ ■ ■ U £■ Li ■ ■ ■ L) B, where £■ is the blowing-up of at q. We denote by 
T>^ the proper transform of V in X^. By the hypothesis that, if D fl i? = m^p^, 
then TOj < 2 for every j, the divisor T>^\£' contains F^ with multiplicity exactly 2. 
This implies that DT = 2ip, where -0 is a section of F intersecting £i at the point 
q^ = FiC] F. If Q!j = multp^Vi and if X^ is the blowing-up of X^ along Fi, with 
new exceptional divisor Qi ~ Fi, then 

V^\e, ^ -2Fe^+a,{2Fe^+Fi), 

where is the proper transform of in X^, Fq. is the linear equivalence class 
of the fibre of and Fi is the (— l)-curve on 0;. Now, if F' and ip' are the proper 
transforms of F and tp to X^ and Fq. ^i = F' n O^, then V^lsi must be an effective 
divisor intersecting F^. gi with multiplicity 2 at the point ip' D Qi. So ai = 2 and 
P^loi is a conic. 

Case 1. If i = 1, i.e. £i ^ £1 C Xq is the P^-bundle intersecting A, then the 
special fibre oi X^ is Xq = A' U U 9i U • • - LIB, where A' is the blowing-up of A at 
the point Fi nA with exceptional divisor A'nOi. From what we have proved above, 
we have that cuts on A' n Oi a divisor of degree 2 and so Da C A has a double 
point at p ^ Fi n A. Now, if C B is smooth at the point p, then the point 
[Da U Db] belongs to SA{d,n) X|c)^(„)| TB{d,n), so y = SA{d,n) X|c,^(„)| TB{d,n) 
and, by the previous lemma, the geometric multiplicity to of is 3. If I?_b is singular 
at p then the point [D] cannot be general in any irreducible component V of Vq. 

Case 2. If z = m — 1 then, by substituting A with B in the previous case, we 
find that V = TA{d,n) X\OR{n)\ SB{d,n) and to = 3. 

Case 3. Assume that m > A and i >2. Also in this case, we will prove that at 
least one of the curves Da and Db is, singular at p. We denote by the fibre of 
£i-i passing through Fi n £i-i and so on, in such a way that i^i U • • • U F^-i is a 
connected chain of fibres, with F^ C £a, contained in V\xo with multiplicity 2 and 
whose image in Sq is the point p € R. Now, the conic X'^le^ must intersect with 
multiplicity 2 the fibre FQ. qi at the point ip' ClQi, the fibre £i+i Cl Oi at the point 
Fi+i n Qi and the fibre £i^i n Qi at the point Fi^i n 6^. So the points ip' n 6^, 
Fi+i n Qi and Fi-i n Qi belong to a hue Li and P^je, = 2Li. Now, let X^ be the 
blowing-up of X^ along Fi-i, Fi+i and tp\ with exceptional divisors 8i_i, Qi+i 
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and ^. We denote by the proper transform of ©j in X^. Now, L^q, = —2. 

Moreover, by repeating always the same argument, we see that Oi_i ~ Fi ~ O^^-i 
and, denoting by T>^ the proper transform of V"^ in X^, we have that 'D^^ (1 8i+i and 
■D^n6i_i are two conies intersecting respectively the fibres 0^n6j+i and ©^n0i_i 
at the points Li n and Li n ©i-i with multiplicity 2. In particular, denoting 
by r" the proper transform of F' in X^ and by E the (— l)-curve E = Ci 6-, we 
have that 

'^nH - 2T" - 3* - 26- - 2ei_i - 29^+1, 
D^lej =2Li + E and 

2)3 L, = -3 + 2(e,_i + e,+i)L, - 4 (2L, + - -3. 

So, if A:"^ is the blowing-up of X^ along Li and if we denote by Ol^ the new 
exceptional divisor, then Q^. ~ Fq and LiQ^ = 0. Moreover, denoting by P"* the 
proper transform of T>^ and by l-Fe^,. | the ruling of Ol. different from \Li\, we find 
that 

V^\e,^ ~ -3Fe,^+aL,{2Fe^^ + L,), 

where az,. = multLi'D^- Since V'^\q^, must be an effective divisor, we find that 
= 2 and V^\q^, ~ Fe^ + 2Li. Now we want to prove that 2^^|ei, contains 
the fibre Fe G |-Fei, I passing through the point E CiQLi- To see this, let X'^ be 
the blowing-up of A"* along E. If is the new exceptional divisor, then O^; ~ Fq 
and, denoting by the pull-back of to A"^, then 

r^nH - 2T" - 3* - 26^ - 20,^1 - 29,+! - 49^. - 59^, 

where 9^. is the proper transform of 9^. in X^. In particular, 

Fe = -4(9^J Fe - 59b i^B = +49^ Fe - 59b Fe = -1. 

By using that {Fe)%j^ = —1, we have that Fe C and so, recontracting Qe, 
Fe is contained in V^Iq^,. Now, the fact that is singular along Li implies 
that the two conies 'D^\q._-^ — Ci^i and V^\e._^^ = Ci+i are singular respectively 
at the points Li n 9i_i and Li D Qi+i- If i = 2 it follows that Da is singular 
at p and, similarly, if j = m — 2 then Db is singular at p. Assume now that 
2 < z < m - 2. Then Cj_i = 2Li_i and Ci+i = 2Li+i, where Li_i C 9i_i C A"^ 
is the line joining Fi-2 H 9i_i and Li n 9i_i and, similarly, Lj+i C 9^+1 is the 
line joining Fi+2 n 9j-|-i and L^ fi 9i+i. We will prove now that is singular 
along Li-i. By using the same argument, you can verify that is singular also 
along Li+i. First we observe that, by the equality r''^|ei_i = Ci-i = 2Lj_i, it 
follows that, in A"*, the points fl 9^^ and Lj+i fl 9/,. stay on the same line 
Fl, G of 9l, ~ Fo and I>^|ez,, = S^l, F^. Now let X^ be the blowing-up 
of X'^ along Fi_2 with new exceptional divisor 9i_2 — Fi and let be the proper 
transform of in X^ . If we denote by Q'i_i the proper transform of 9i_i C X^ 
in X^, we have that (-Fi-2)e._2 = —1 and (Lj_i)Q, = —1. Moreover, by using 
that Fi-2l^^ = —2, we find that the restricted linear system V^\q._2 is a conic, 
intersecting with multiplicity 2 the fibre 9^_i fl @i-2 at Lj-j fl @i-2- In particular, 

r^nH- 2T" - 3* - 20^ - 29^_i - 29^+1 - 40i,, - 20i_2 

andLi_iP5 (-29j_2-49L, + 29j_2 + 29L.)ij-i = -2. It is enough to blow-up 
along Li_i to sec that is singular along and so 'D^\&i_2 is a conic singular 
at Li-i n 9i_2- If I — 2 = 1 this implies that Da is singular at p. If i — 2 > 1, then 
'^'^|ei_2 = 2Fi-2, where Li_2 is the line joining Li_i fl 9i_2 and Fi_3 fl 9i_2- Now 
we will prove that is singular along Li_2. To this aim, let X^ be the blowing-up 
of X^ along and Fi_3 with exceptional divisors 9l._i ~ Fi and ~ Fi. 
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Now, denoting by and 0^_2 the proper transform of and 8i_2 on X^, we 
have that, 

• V^Iqj^, is the double hne joining n ^Li-i and Lj_2 H Qii-i', 

• I)^|e._3 is a conic intersecting with muhiphcity 2 the fibre 0^_2 ©i-a at 
the point Li_2 H 6i_3; 

In particular we find that 

and Li_2 2^^ = (-26,-2 - 4eLi_i - 29^-3) = -2-4 + 4^-2. Now it is 
enough to blowing-up along Li^2 to see that is singular along Li^2- If i — 3 = f 
this implies that Da is singular at p. If i — 3 > I, then V^\q._^ = 2ij-3 where ii_3 
is the line joining F,;_4 n 0^-3 and Fi^2 H 0^-3 . Moreover, by the same argument 
as used to prove that P5 is singular along Li_2, you can verify that is singular 
along Li^3. By repeating this argument at the end you prove that V is singular 
along Fi and so Da has a double point at p. At the same way, you can prove that 
also Db has a double at p. Hence, if 2 < i < m — f both curves Da and Db are 
singular at p and [D] cannot be general in any irreducible component of Vq . □ 

Corollary 3.8. Let V,f^ u s Universal Severi-Enriques Variety introduced 

in the first section. Let Vq be the special fibre of k s '^'^^ l^] ^ ^0 be any 
point, corresponding to a curve D = Da U Db C AU B. Assume that Da and 
D B are smooth and simply tangent to R = A D B at a point p, with p ^ Ei f] R, 
for every i. Assume that [D] is a point of geometric multiplicity m of Vq. Let 
U C be an analytic neighborhood small enough 0/ € and let A be a general 
local m-multisection ofVnH.k.S passing through [D]. Denote by V ^ A the family of 
curves naturally parametrized by A and by Vt the general fibre ofD, with irreducible 
components Vl, . . . Then, the point p is not a limit of any cusp of 2?J, for 

every i = 1, . . . , m. 

Proof. This follows by the proof of Lemma [23] if m = 2 and Cases 1, 2 and 3 of the 
previous Lemma if m > 3. □ 

Now, we denote by TEi{d,n) C [©^(n)! the closure, in the Zariski topology, of 
the locally closed set 

{[-Db]| Db = EiUD'g, where D'g nH — Ei is smooth and passes through EiOR} 
where Ei, . . . , are the exceptional divisors of B. 

Lemma 3.9. The variety 

TA{d,n) X|o^(„)| TE^{d,n) 

is an irreducible component of the special fibre V'^ of VnH. 1,0 of geometric multiplicity 
3 and it is the only irreducible component of Vq whose general element corresponds 
to a curve containing Ei, for every i = 1, . . . , d(d — 1). 

Proof. Since the proof is the same for every j, we assume i = 1. 

Let V be an irreducible component of Vo, whose general element [D — Da U Db] 
corresponds to a curve Da U Db containing Ei. First of all, we want to prove that 

(3) V has geometric multiplicity at least equal to 3. 

Case 1. Assume that the geometric multiplicity of y is 1. Then, if A is a general 
local analytic curve passing through [D] and I? — ^ A is the family of curves naturally 
parametrized by A, we have that the special fibre of VisVq = Da U Db and the 
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singular locus 7 of P intersects Ei at a smooth point qi G Ei of iSq. Now, let X 
be the blowing-up of S along Ei with exceptional divisor 81 ~ Fq. The pull-back 
7' of 7 to 3^ now intersects Qi at a general point q[. Moreover, if V is the proper 
transform of P in y, then 2?' ~ — ai0i, where ai = multEi'D and D' has 
cuspidal singularities along 7'. Since C'|ei ~ (^^? — ci;i0i)|ei ai i^i -I- aiF2, 
where and I-F2I sue the two rulings of Oi, we have that the minimal ai such 
that P'lei as a cusp at q[ is ai = 2. This implies that Da has a double point at 
£;i n ^ and Db = 2S1 D'g, where D'g nH - 2Ei. So D is cut out on A U B by 
a surface S'n C P"^ singular at the point pi corresponding to the exceptional divisor 
El . Thus [D] cannot be general in any irreducible component of Vq ■ 

Case 2 Assume that V has multiplicity two. Let X be the normalization of the 
double covering of S totally ramified at its special fibre Xq = A\j£UB. The proper 
transform of D on Xq, which we still denote by D is the connected Cartier divisor 
which restricts to Da on A, to Db on B and to a union of fibres on £. Now, in X, 
we can find divisors V ~ nH, such that Vlxg = Vq = D, the general fibre Vt is a 
general one-cuspidal curve on Xt, and the singular locus of I? is a section 7 of A:" 
intersecting Xq at a smooth point qi lying on Ei or on the fibre Fi of £ intersecting 
El. 

Case 2. 1 Assume that qi E Ei. Let y be the blowing-up of X along Ei , with new 
exceptional divisor 81 ~ Fq and special fibre AuE'UQiUB. Now, the pull-back of 
Fi to y, which we still denote by Fi, is a (— l)-curve intersecting transversally 9i, 
whereas the pull-back of 7 is a curve 7' intersecting 81 at a general point. Moreover, 
FiV = —081-^1 = —a, where a = multp-^V and V is the proper transform of 
V on y. So Fi C V and, denoting by \Hi\ and |7?2| are the two rulings of 81, 
we have that V\q^ ^ a {Hi + H2) is an effective divisor with a cusp at 7' n 61 
and intersecting with multiplicity two 81 H £' at the point -Fi H 81. The minimal 
a such that these two conditions are verified is a = 2 and so T)'\b intersects Ei 
at two points and, by contracting 81 on Ei, we find that Db = 2i?i + D'g, where 
D'g ~ nH — 2Ei. Moreover, by blowing-up twice y along Fi, we see that V'Ia = Da 
is smooth and tangent to £' H A at Fi n A. So Da U Db is cut out by a surface 
in P'^ tangent to B at the base point pi corresponding to Ei. It follows that [D] is 
general in a family of codimcnsion at least 3 in |Oaus('^)| and it cannot be general 
in any irreducible component of Vq. 

Case 2.2 Assume that qi E Fi. Then, let 3^ be the blowing-up of X along 7 with 
exceptional divisor T and special fibre AuS' UB. Now, V n Fi = -2T Fi = -2. 
In particular, if V is the proper transform of P, then Fi is contained in D'\£i with 
multiplicity m > 2. If m > 3 then Da intersects £' with multiplicity m > 3 at FiCiA 
and so [D] cannot be general in any irreducible component of Vo. Hence m = 2 and, 
if we blow-up y along Fi and we denote by 81 the new exceptional divisor and by 
V" the proper transform of V , we find that X'"|ei is a conic, tangent to the fibre 
r' n 81, where F' is the pull-back of F. Moreover, since V" Ei = —2, we have that 
El C T>" and the conic 2?"|ei passes through Ei D 81. In particular, recontracting 
81, we find that Da has a double point at Fi D A whereas Db = EiU D'g, where 
D'q ~ nH — El. So Da U Db is cut out on A U B by a surface Sn C tangent 
to A at the point pi corresponding to the exceptional divisor Ei , and it cannot be 
general in any irreducible component of Vq. 

Claim ([3]) has been proved. Now we observe that, if V is an irreducible component 
of Vo, whose general element [D] corresponds to a curve D = Da U Db containing 
El, then the singularity of D at the point EiOR must impose at most two conditions 
to the linear system \OAuB{n)\. So, we have one of the following two cases: 

(1) D has a node at Ei n R, in particular Da meets transversally R at Ei D R 
and Db — EiU D'^, where D'g does not contain Ei n R; 
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(2) Da is tangent to i? at £^1 n i? and Db = D'^^J Ei, where D'g ^ nH - Ei 
passes through Ei n R. In particular, V — TA{d,n) x\Oa{n)\ TEi{d,n). 
We want to prove that the case ^ cannot occur. To this aim let m be the geometric 
multiplicity of V and let y be the finite covering of degree m of 5 which we already 
introduced in Lemma [2.61 Let 3^0 = A\J £i U ■ ■ ■ U £,n-i U B be its special fibre. 
We denote by Fi U ■ • ■ U the connected chain of fibres such that Fi C £i and 
nS — EiCiR. Let T> ~ nH be a general divisor in y cutting out Da on A and 
Db on B with cuspidal singularity along a section 7 of y. We already know that 7 
must intersect 3^o at a smooth point q lying on Ei or on Fi, for some i. If g G £'1 
then, arguing as in Case 2.1, we see that Db contains Ei with multiplicity 2. If 
q & Fi, then T>\yg contains every Fi with multiplicity r > 2 and so Da^R = DbCiR 
contains Ei n R with multiplicity r > 2. This prove that case ([T]) cannot occur and 
V = TA{d,n) X|o^(„)[ TEi{d,n). 
Now, we will show that, actually, 

(4) TA{d,n) 

X\OR{n)\ TEi{d,n) is an irreducible component ofVo of multiplicity 3. 

Assume m = 3 and let y, V and Fi C £i be as before. We denote by 7 a section 
of y intersecting = ^ U 5i U £2 U i? at a smooth point q & F2. 

Step 1. Let S (Zy he & general divisor in \Oy{nH)\ with cuspidal singularities 
along 7 and such that 5* contains the fibres Fi and F2 with multiplicity exactly 2. 
Let y^ be the blowing up of y along 7 with new exceptional divisor T . Denote by 
the proper transform of S in and by 3^q = A U f 1 U f 2 U -B the special fibre of 
y^, where £'2 is the blowing up of £2 at q. Then ^ nH - 2V, F2 = -2 and, 
by the hypothesis that S contains F2 with multiplicity exactly 2, will be tangent 
to F along a smooth section oi y^, intersecting J^g at the point H F, which we 
still denote by q. 

Step 2. Let y^ be the blowing-up of along F2, with new exceptional divisor 
62. Denote by 3^^ = A U U £3 U 82 U B the special fibre of 3^^ where £[ is the 
blowing-up of £1 at F2 n £2- By using that F2£, = —1, we have that 82 — Fi and 
-^202 = ~1- Moreover, denoting by S"^ the proper transform of in y^, we have 
that 

S^\e, ~ -2Fe,+a{2Fe,+F2), 
where Fq^ is the linearly equivalence class of the fibre of 82. Now, denoting by ip' 
the proper transform in y'^ of ip and by q' the intersection point of ip' with 8^, we 
have that 5*^162 is an effective divisor 

(1) tangent to the fibre Fq e {Fq^ \ , passing through q, at the point q'; 

(2) intersecting the fibre £[ fl 82 with multiplicity 2 at the point Fi n 82. 

So, a = 2, 52 102 is a conic verifying ^ and ^ and - nH - 2F' - 282, where F' 
is the proper transform of F in 3^^. Moreover, the pull-back of Ei to y^, which we 
still denote by £'1, is a (— 2)-curve transversally intersecting 82 fl B' at a point qi. 
So, El — -282 El ~ -2, El C S'^ and the conic 5*^102 passes through qi. Now, 
if 3^^ is the blowing-up of y^ along Ei, with new exceptional divisor 8^^, then 
{Ei)q^ = 1 and 8_Bj ~ Fi. Moreover, the proper transform 82 of 82 in 3^^^ is the 
blowing-up of 82 at qi with new exceptional divisor 8^;^ ("182. Finally, denoting 
by the proper transform of in y^, we have that 

5*^10^1 ^ -'^Poei + El + Fqj^^ El ~ FQj^^ , 

where £0^^ is the linearly equivalence class of a fibre of 8^;^ and, as we already 
observed, Ei is a line. Hence, 

5*^10^^ is the exceptional divisor of Qei- 

This implies that 
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(3) 5*^102 is a conic verifying properties (H]) and ^ and tangent at qi to a fixed 
line ri C Q2 which does not depend on the sections 7 or ■0 and on the 
divisor S. 

Now, the family of conies on 82 tangent to £[ n 82 at Fi n 82 and to ri at qi is 
a pencil Q cutting out on the fibre Fq a gl with ramification points Xq and x^. It 
follows that 

(5) q' = Xq for some j = 1, 2 and S'^los = C*,, 

where is the only conic of the pencil G tangent to Fq at Xq. Finally, if is the 
blowing-up of once along ip and twice along Fi , with new exceptional divisors 
vj^, 81 ~ Fi and Ti ~ Fq, then it is easy to see that 

e \Oyi{nH - 2T' - 3* - 283 - - 81 - 2Ti)|, 

where S"' and 82 are the proper transforms of and 82 to y^. In particular, 
[Da U Db] G TA{d,n) X|c)^(„)| TEi{d,n) and, more precisely, 5 cuts on A a curve 
Da smooth and tangent to i? at i?i fl i? and on i? a curve Db = D'g U Ei, with 
D'g ^ nH — Ei passing through EiHR and having fixed tangent direction at EiCiR. 

Now, by using the notation above, what we proved implies that, if 7 is a section of 
y intersecting F2 at a general point q and '0 is a general section of F C passing 
through q — F2 ClT, by denoting by the blowing up of y^ along "0, we have 
that, for every divisor S in the linear series \Ozi{nH — 2F — S^*)], the restriction 
of S to the special fibre of contains the fibres Fi and F2 with multiplicity 
at least 2. Moreover, always by using the notation above, if ?A C F C is a 
section such that the proper transform ip' of ijj in y'^ intersects 82 at Xq or Xq, 
if J^Q is the special fibre of and D is the liner equivalence class of the divisor 
2F' + 3* + 282 + 8_Ei + 81 + 2Ti C y^, then the image of the restriction map 

ro : H"{y\Oy.{nH - D)) ^ H"{y^,Oy.{nH - D)) 

is a linear system of dimension dim{\OAuB{'n'H)\) — 5. Now, since by (O, all divisors 
in \Oyi{nH — D)\ restrict to the same divisor on 82 and Ti, the image 

C TA{d,n) X|o^(„)| TE,id,n) nVo C IOausWI 
of Wj, through the natural morphism \Oyi{nH — — » \OAuB{n)\, has still di- 
mension dim{\OAuB{nH)\) — 5. Moreover, we stress that, denoting by and A" 
the proper transforms of and A to y^, by using ^ and by using that 5"*|ti is 
the fibre Fq^i in the ruling we have that the general divisor in the linear system 
cuts TinA"at the point yq^i = Fq^iCiA" and Q'^nB' at the point Xq^i = C^H-B', 
different from Ei n 82. Now, in order to prove that TA{d,n) X|o^(„)| TEi{d,n)) is 
an irreducible component of Vq, it is enough to prove that U-^ is not contained in 
any irreducible component V of Vo which we have found previously in this Section. 
We will prove this only for V = V^jj i '^\OR{n)\ In the other cases, you 

can use a similar argument. Fo prove that is not contained in V it is enough to 
prove that the general element of does not corresponds to a curve with a cusp at 
a point of A" . Fo see this, observe that, by using the notation of the introduction, 
by the generality of tt C P^, the point pi C S'^~^ corresponding to £'1 C i? is a 
general point of S'''"^ and the tangent line to R at pi is a general tangent line to 
S'^~^ at pi. This implies that the family of curves V with a cusp on A" in the linear 
system \Oyi{nH — D)\ is irreducible of dimension dim{\OAijB{n)\) — 2 — 3, but it 
is not a linear system, so it cannot coincide with W^. □ 

Previous Lemmas of this sections imply the following theorem. 

Theorem 3.10. Let be the special fibre of VnH.i.o- Assume that n > 3 and 
d>2. Then, the irreducible components 0/ Vo are 
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• KiHio ^\OR(n)\ w**^ geometric multiplicity 1; 

'^{OR{n)\ ^nH,i,o '^^^^ geometric multiplicity 1; 

• F{d, n) with geometric multiplicity 2; 

• SAid, n) X |e,„(„)|TB(rf, n), TA(rf, n) x |o„(„)|5B(rf, n), rA((i, n) x \ORin)\TEt (d, n), 
for i = 1, . . . , d{d — 1), wii/i geometric multiplicity 3. 

If n = 2 and d > 3 the description of Vo is as in the previous case, except for 
the fact that, in this case, \OA{n)\ >^\OBXn)\ ^nH.i.a '^^^^ appear. Finally, if 
d = n = 2 then the irreducible com,ponents of are SAid.n) 'X\Ort(n)\ TB{d,n), 
TA{d,n) X\OR{n)\ SB{d,n), TA{d,n) ^[OR(n)\ TEi{d,n), TA{d,n) X\OR{n)\ TE2{d,n), 
all with geometric multiplicity 3. 
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